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Abstract
Let p be a prime, G a finite group with p | |G| and F a field of characteristic p. Let C1, . . . ,Cr be
the p-regular conjugacy classes in G, C+1 , . . . ,C+r the class sums in FG and ZGp′ = 〈C+1 , . . . ,C+r 〉
the F -subspace of the centre Z(FG) of FG generated by the p-regular class sums. We show that
ZG
p′ is a subalgebra of Z(FG), if G has abelian Sylow-p-subgroups. Furthermore we classify some
minimal groups, where ZG
p′ is not an algebra.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let F be a field of characteristic p > 0 and G a finite group. An element g ∈ G is
called a p′-element or a p-regular element, if its order is not divisible by p. The conjugacy
classes of p′-elements are called p-regular classes, the corresponding class sums are the
p-regular class sums. If X is a subset of G then X+ denotes its sum in FG. We write
Z(FG) for the centre of the group ring. As in [7] we use ZG
p′ to denote the F -subspace of
Z(FG) spanned by the p-regular class sums. Let Sn be a finite symmetric group of degree
n and let An < Sn be the alternating group. In [7], J. Murray showed that ZSnp′ and Z
An
p′
are subalgebras of the corresponding group rings. Computations with the program package
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So we need a new term:
Definition 1. A group G is called an nA-group for the prime p, if ZG
p′ is not an algebra.
We call G a minimal nA-group for p, if G is an nA-group for p and ZU
p′ is an algebra
for every proper subgroup U of G.
Our aim in this article is to find properties of minimal nA-groups in order to find nA-
groups as well as groups where ZG
p′ is an algebra. So we can prove
Theorem 2. Let G be a finite group with abelian Sylow-p-subgroups. Then ZG
p′ is an
algebra.
In a special case we can classify some minimal nA-groups:
Theorem 3. If G is a minimal nA-group for 2 with 24  |G| then G is a non-trivial semidi-
rect product of the quaternion group of order 8 (denoted by Q) and a cyclic group of order
3n, G ∼= Q  Z3n . For every n ∈ N there is exactly one such group up to isomorphism.
2. Properties of minimal nA-groups
As already mentioned above there are many groups G where ZG
p′ is an algebra. So we
start with an example of nA-groups:
Example 4. Let p > 2 be a prime and q = pn for some n ∈ N. Then the special linear
group Sl(2, q) is an nA-group for 2, i.e., ZSl(2,q)2′ is not an algebra.
Proof. We write Fq for the finite field with q elements and 0,1,2, . . . , p − 1 for the ele-
ments of the subfield Fp of p elements of Fq . An easy computation shows that
( 1 k
0 1
)
is an
element of order p in Sl(2, q) if k ∈ Fp , k = 0, and that its conjugacy class Ck is
Ck =
{(
1 − kab ka2
−kb2 1 + kab
) ∣∣ (a, b) ∈ Fq × Fq \ {(0,0)}
}
.
The conjugacy class has (q2 − 1)/2 elements. As (−1 00 −1 ) is in the centre of Sl(2, q), the
element
(−1 −k
0 −1
)
has order 2p in Sl(2, q) and its conjugacy class is
Dk =
{(
kab − 1 −ka2
kb2 −1 − kab
) ∣∣ (a, b) ∈ Fq × Fq \ {(0,0)}
}
,
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( 1 1
0 1
)
and K2 that
of
(−1 1
0 −1
)
. As the conjugacy class sums form a basis of the centre of the group algebra,
we get
(
K+1
)2 =
r∑
i=1
ciK
+
i ,
where K1, . . . ,Kr are the conjugacy classes of Sl(2, q). A short computation shows that
c2 ≡ q mod 2, i.e., c2 = 0 in F2. As K+2 /∈ ZSl(2,q)2′ , Sl(2, q) is an nA-group for 2. 
Before we state the next theorem we fix some notation for the rest of this article. By p
we always denote a prime. We use Fq for the finite field with q elements and F∗q for the
units of Fq . If G is a group, we write Z(G) for its centre and G′ for its derived subgroup.
CG(g) and CG(U) denote the centralizer of an element g ∈ G and the subgroup U , respec-
tively. We use NG(U) to denote the normalizer of the subgroup U and AutG for the full
automorphism group of G.
An element g is called a p-element if g has order pn for some n ∈ N. It is well known
that for every group element g ∈ G there is exactly one decomposition of the form g =
gpgp′ = gp′gp where gp is a p-element and gp′ is a p′-element. For an element
B =
∑
g∈G
cgg ∈ FG,
the set
suppB = {g ∈ G | cg = 0}
denotes the support of B . Now we can show some properties of minimal nA-groups:
Theorem 5. Let G be a minimal nA-group for p.
(1) Let C1,C2 be p-regular classes of G with C+1 C+2 /∈ ZGp′ and let C3 be a class of G
with C+3 /∈ ZGp′ , C3 ⊂ suppC+1 C+2 . Then we have gp ∈ Z(G) for every g ∈ C3.
(2) p | |Z(G)|.
(3) There is no proper normal subgroup N of G with G/N being a p-group.
(4) If P denotes a Sylow-p-subgroup of G, then P G′.
Proof. (1) Let C1,C2,C3 and g be as in the statement of the theorem. Then the order of g
is divisible by p. Let Q be a Sylow-p-subgroup of CG(g) with gp ∈ Q and let
BrQ :Z(FG) → Z
(
FCG(Q)
)
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obtain
BrQ
(
C+1
)
BrQ
(
C+2
)= BrQ(C+1 C+2 ) /∈ ZCG(Q)p′ ,
but BrQ(C+1 ),BrQ(C
+
2 ) ∈ ZCG(Q)p′ . Therefore ZCG(Q)p′ is not an algebra. Minimality of G
now provides CG(Q) = G. So we get Q Z(G) and gp ∈ Z(G).
(2) As we showed 1 = gp ∈ Q Z(G) in (1), we immediately get p | |Z(G)|.
(3) If N is a proper normal subgroup of G with G/N being a p-group then p divides
the order of every g ∈ G \ N . Therefore all p′-elements of G are already elements of N .
Thus all p-regular classes of G are in N , so the product of p-regular class sums is in FN .
Hence N is an nA-group, a contradiction.
(4) We assume there is a Sylow-p-subgroup P of G with P ⊆ G′. Then p divides the
order of the abelian group G/G′. As subgroups of G/G′ correspond to subgroups of G,
we get a proper normal subgroup N of G with G/N being a p-group, a contradiction. 
Now we can already prove our Theorem 2:
Proof of Theorem 2. Let G be a minimal counterexample. Then G is a minimal nA-group
for p. Let P be a Sylow-p-subgroup of G. With P G′ (part (4) of Theorem 5) we obtain
P ∩Z(G) = P ∩G′ ∩Z(G) P ′ = {1}
using Theorem IV.2.2 in [2]. This is a contradiction to part (2) of Theorem 5. 
Instead of Theorem IV.2.2 of [2] we could also have used a theorem of Taunt, see The-
orem 17.7 in [3]. We now immediately get
Corollary 6. If p3  |G| then ZG
p′ is an algebra.
3. nA-groups with p4  |G|
A theorem of Huppert provides more groups with ZG
p′ being an algebra:
Theorem 7. Let G be a group with metacyclic Sylow-p-subgroups for a prime p > 2. Then
ZG
p′ is an algebra.
Proof. Let P be a Sylow-p-subgroup of G. If P is abelian we are ready according to
Theorem 2. If P is non-abelian, we assume G to be a minimal counterexample. As every
subgroup of G has metacyclic Sylow-p-subgroups, G is a minimal nA-group for p. There-
fore there is no proper normal subgroup N G with G/N being a p-group according to
part (3) of Theorem 5. But according to [2, Theorem IV.8.6], such a normal subgroup
exists, a contradiction. 
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G are non-abelian groups of order p3 with exponent p.
As Theorem IV.8.6 of [2] requires p > 2 we cannot say anything for p = 2 until now.
But the next theorem allows us to make a statement for p = 2 as well:
Theorem 9. Let G be a minimal nA-group for p with Sylow-p-subgroup P and |P ′| = p.
Then:
(1) P = P ∩NG(P )′.
(2) NG(P ) = PCG(P ). In particular AutP is not a p-group.
Proof. (1) With P ∩Z(G) = P ′ we obtain P ′ G and thus
〈
P ∩ P ′g | g ∈ G〉= P ′.
The first theorem of Grün (see [2, IV.3.4]) gives
P = P ∩G′ = 〈P ∩NG(P )′,P ∩ P ′g | g ∈ G〉= P ∩NG(P )′.
(2) As P has a complement Q in its normalizer NG(P ) according to a well-known
theorem of Zassenhaus [2, Hauptsatz I.18.1], there is a homomorphism ϕ :Q → AutP .
This homomorphism cannot be trivial because this would provide NG(P ) ∼= P × Q and
therefore
P ∩NG(P )′ = P ′ <P,
a contradiction. So ϕ is non-trivial and we get NG(P ) = PCG(P ) and
gcd
(|Q|, |AutP |)> 1. 
Corollary 10. If G is a minimal nA-group for 2 with 24  |G| and if P is a Sylow-2-
subgroup of G, then P is a quaternion group of order 8.
Proof. For the dihedral group D4 of order 8 we have |D′4| = 2, AutD4 ∼= D4. 
For regular Sylow-p-subgroups we get the same statements as in Theorem 9 using a
theorem of Wielandt:
Theorem 11. Suppose G is a minimal nA-group for p with a regular Sylow-p-subgroup P .
Then NG(P ) = PCG(P ). In particular AutP is not a p-group.
Proof. Suppose N∗ is the smallest normal subgroup of NG(P ) whose index is a power
of p and G∗ is the smallest normal subgroup of G with an index being a power of p.
Then NG(P )/N∗ ∼= G/G∗ according to a Theorem of Wielandt, see [2, Theorem IV.8.1].
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such normal subgroups of NG(P ). But such normal subgroups always exist in p-groups,
so we get NG(P ) > P . As already mentioned above, P has a complement Q in NG(P ). If
NG(P ) ∼= P × Q then Q is a normal subgroup of NG(P ) with an index which is a power
of p. But this is impossible, so there is a non-trivial homomorphism ϕ :Q → AutP and
therefore NG(P ) = PCG(P ) and gcd(|Q|, |AutP |) > 1. 
Now we can start to classify the minimal nA-groups for 2 with 24  |G|:
Lemma 12. For every n ∈ N there is exactly one group Gn (up to isomorphism) which is
a non-trivial semidirect product of a cyclic group of order 3n with the quaternion group of
order 8 as normal subgroup. ZGn2′ is not an algebra.
Proof. As the automorphism group of the quaternion group Q of order 8 is isomorphic to
the symmetric group S4, there is a non-trivial semidirect product of a cyclic group Z3n of
order 3n with Q as normal subgroup. The elements of order 3 in S4 are all conjugate, so all
such non-trivial semidirect products are isomorphic. If g is a generator of the cyclic group
Z3n and C is the conjugacy class of g in Gn then an easy computation shows (C+)2 /∈
Z
Gn
2′ . 
Remark 13. There is a cyclic normal subgroup N of Gn of order 3n−1 with Gn/N ∼=
Sl(2,3).
Proof of Theorem 3. Let G be a minimal nA-group for 2 with 24  |G| and let P <G be a
Sylow-2-subgroup. According to Corollary 10 P is isomorphic to the quaternion group of
order 8. So we get |P ′| = 2 and AutP ∼= S4, i.e., |AutP | = 23 ·3. By part (2) of Theorem 9
we obtain 3 | |NG(P )|.
As P NG(P ), P has a complement U in NG(P ) according to a well-known theorem
of Zassenhaus. So there is a non-trivial homomorphism ϕ :U → AutP . Since 2  |U |, there
are elements in U whose order is a power of 3. Now let q ∈ U be an element with ϕ(q) = id
and order(q) = 3k with minimal k. We define Q := 〈q〉. Then QP is a subgroup of G and
Lemma 12 provides QP ∼= Gk . So QP is already an nA-group for 2. G is minimal, hence
we obtain G = QP , i.e., G ∼= Gk . 
What can we say about nA-groups for p > 2? We first have to take a closer look on
multiplying class sums.
Lemma 14. Suppose G is a p-solvable minimal nA-group for p, C1,C2 ⊂ G are p-regular
conjugacy classes and g ∈ G, g = 1, is a p-element. Then
g /∈ supp(C+1 C+2 ).
Proof. Part (1) of Theorem 5 provides gp ∈ Z(G) for every g ∈ supp(C+1 C+2 ). Now let
g = gp ∈ supp(C+C+). Then there are h1 ∈ C1, h2 ∈ C2 with h1h2 = gp . Now we have1 2
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p-regular, thus we get gp = 1. 
Theorem 15. Let G be a group and P <G a Sylow-p-subgroup for p > 2. If [G : P ] = 2
then ZG
p′ is an algebra.
Proof. [G : P ] = 2 provides P G and so G is p-solvable. Now let us assume, G is a
minimal counterexample. Then G is a minimal nA-group for p. Suppose C1,C2 ⊂ G are
p-regular conjugacy classes of G. Then certainly C1,C2 ⊆ G \ P . For g ∈ C1 we have
G/P = 〈gP 〉 and C1,C2 ⊆ gP . If h ∈ C2, so h ∈ gP , too, and therefore gh ∈ P . Thus we
obtain supp(C+1 C
+
2 ) ⊆ P . Now Lemma 14 provides supp(C+1 C+2 ) ⊆ {1}. Hence G is not
an nA-group for p, a contradiction. 
Now we can construct examples of minimal nA-groups for p > 2:
Example 16. Let p > 3 be a prime and
P = 〈x, y | xp = yp = [x, y]p = 1, [[x, y], x]= [[x, y], y]= 1〉
be the non-abelian group of order p3 and exponent p. Let q = 4 or q > 2 be prime. Suppose
q | p − 1 and r ∈ Z∗p is an element of order q . Then the definition
x → xr , y → yr−1
gives rise to an automorphism ϕ :P → P of order q of P . Suppose Zq = 〈g〉 is a cyclic
group of order q and
ψ :Zq → AutP
is the homomorphism given by g → ϕ. Then the semidirect product Gp,q := P Zq given
by ψ is a minimal nA-group for p.
Proof. The proof of Theorem 1.17 in [5, p. 99] provides that ϕ is an automorphism of P .
As [x, y] ∈ Z(P ), we get
[
xr , y
]= [x, y]r ∈ Z(P ) and [xr , yr−1]= [x, y]
by Theorem III.1.3 in [2]. Thus we have [x, y] ∈ Z(Gp,q).
Computation of the conjugacy classes of g and g2 in Gp,q gives
C1 =
{
gxiyj [x, y]ij (r−1)−1 | i, j = 0, . . . , p − 1}
for the conjugacy class of g and
C2 =
{
g2xiyj [x, y]ij (r2−1)−1 | i, j = 0, . . . , p − 1}
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q = 4, 2p for q = 4. The conjugacy class of g2[x, y] certainly is
C3 =
{
g2xiyj [x, y]ij (r2−1)−1+1 | i, j = 0, . . . , p − 1}.
Now let C1, . . . ,Ct be the conjugacy classes of Gp,q and suppose
(
C+1
)2 =
t∑
k=1
ckC
+
k
with ck ∈ Fp . Theorem 2.22 of [6] gives a formula for the ck . As |C1| = |C3| = p2, we
obtain
c3 ≡
∣∣{gh | h ∈ C1, gh ∈ C3}∣∣ mod p.
So we have to count the number of solutions (i, j, i∗, j∗) of the equation
g2xiyj [x, y]ij (r−1)−1 = g2xi∗yj∗ [x, y]i∗j∗(r2−1)−1+1,
which is equivalent to
xi−i∗yj−j∗ = [x, y]i∗j∗(r2−1)−1+1−ij (r−1)−1 .
As xayb ∈ Z(P ) ⇔ a = b = 0, we get i = i∗ and j = j∗. So the equation simplifies to
ij
[(
r2 − 1)−1 − (r − 1)−1]+ 1 = 0 in Fp.
An easy computation shows that z := (r2 − 1)−1 − (r − 1)−1 = 0. Obviously our equation
cannot be fulfilled for i = 0 or j = 0. For i = 0 = j we get z = −i−1j−1. For every i ∈ F∗p
there is exactly one solution j ∈ F∗p of this last equation, so we have
c3 =
∣∣F∗p∣∣= p − 1 = 0 in Fp.
This yields C3 ⊆ supp(C+1 )2, thus Gp,q is an nA-group for p. 
Example 17. Let p  3 be a prime and
P = 〈x, y | xp = yp = [x, y]p = 1, [[x, y], x]= [[x, y], y]= 1〉
be the non-abelian group of order p3 and exponent p. Then the definition
x → y, y → x−1
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group of order 4 and
ψ :Z4 → AutP
is the homomorphism given by g → ϕ. Then the semidirect product Hp := P  Z4 given
by ψ is a minimal nA-group for p.
Proof. The proof is similar to that of Example 16, but the computations are a bit more
intricate. Again we have [x, y] ∈ Z(Hp). Using the same notation as in Example 16 we get
the equation
g2xiyi+2j [x, y]j2 = g2xi∗y−2j∗ [x, y]i∗j∗+1
which leads to
c3 ≡ m :=
∣∣{(j, j∗) ∈ Fp × Fp | 1 − (j∗)2 = (j + j∗)2}∣∣ mod p.
The equation 1 − (j∗)2 = (j + j∗)2 has 1, 2 or 0 solutions j for every j∗ depending on
1 − (j∗)2 being 0, a square or not a square in F∗p . So m is an even number between 2 and
2p − 2 and thus c3 = 0 in Fp . 
Remark 18. For 4 | p − 1 the groups Gp,4 and Hp are two nA-groups of order 4p3. But
these two groups are isomorphic. Using the same notations as above we have AutP ∼=
Gl(2,p)  (Zp × Zp), see [5, p. 99]. Using this notation for AutP we have ϕ ∈ Gl(2,p).
The matrix corresponding to ϕ is
(
r 0
0 r−1
)
in Example 16 and
( 0 −1
1 0
)
in Example 17. Those
two matrices are conjugate in Gl(2,p), if 4 | p − 1.
Remark 19. The last two examples provide even more minimal nA-groups: If we take
a cyclic group 〈g〉 of order qn or 2n (with n  3 in the latter case) and use the same
homomorphism ψ given by g → ϕ then we get nA-groups of order qnp3 or 2np3. As
gq
n−1 (g2n−2 ) is in the centre of the constructed semidirect product, there is no proper sub-
group U , which is an nA-group for p. So the constructed groups are minimal. But Gp,q
(Hp) arise as factor groups.
We end with a tabular of minimal nA-groups of order < 1500 found by the computer
using the program package GAP [1]. The first column provides the prime p, in the second
column we have the order of the minimal nA-group G for p, the third column gives the
factorization of |G| and the fourth the number of the group G in GAP-notation.
The “new” minimal nA-groups (i.e., the ones not constructed above) are the groups of
order 320 for p = 2 and 375, 1125 for p = 5. Only the minimal nA-group of order 320
has a Sylow-p-subgroup of order >p3. The nA-group of order 375 is a semidirect product
of the nonabelian group of order 125 of exponent 5 with a cyclic group of order 3. As in
Remark 19 the group of order 1125 arises from the group of order 375 by taking a cyclic
group of order 9 instead of 3.
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p |G| Factorization GAP-number
2 24 23 · 3 3
2 72 23 · 32 3
2 216 23 · 33 3
2 320 26 · 5 1012
2 648 23 · 34 3
3 108 22 · 33 15
3 216 23 · 33 25
3 432 24 · 33 57
3 864 25 · 33 194
5 375 3 · 53 2
5 500 22 · 53 25
5 1000 23 · 53 34
5 1125 32 · 53 3
7 1029 3 · 73 12
7 1372 22 · 73 14
The group G of order 320 is a semidirect product of a special group P of order 64 with
a cyclic group of order 5 where Z(G) = Z(P ) = P ′ = Φ(P ) = Ω1(P ) is an elementary
abelian group of order 4 and P has exponent 4. As we found a further minimal nA-group
H of order 3645 = 36 · 5 (GAP-number 505) with nearly the same properties using GAP
[1]—if S denotes the Sylow-3-subgroup of H we get Z(H) = Z(S) = S′ = Φ(S), but S
is of exponent 3 and thus Ω1(S) = S—the group G might be the first of a further series of
minimal nA-groups.
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